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DYNAMICS OF PERTURBATIONS OF THE IDENTITY
OPERATOR BY MULTIPLES OF THE BACKWARD
SHIFT ON l∞(N)
GEORGE COSTAKIS, ANTONIOS MANOUSSOS,
AND AMIR BAHMAN NASSERI
Abstract. Let B, I be the unweighted backward shift and the
identity operator respectively on l∞(N), the space of bounded se-
quences over the complex numbers endowed with the supremum
norm. We prove that I + λB is locally topologically transitive if
and only if |λ| > 2. This, shows that a classical result of Salas,
which says that backward shift perturbations of the identity opera-
tor are always hypercyclic, or equivalently topologically transitive,
on lp(N), 1 ≤ p < +∞, fails to hold for the notion of local topo-
logical transitivity on l∞(N). We also obtain further results which
complement certain results from [5].
1. Introduction
We start with some terminology and notation. Throughout this pa-
per the letter X stands for a Banach space, T : X → X will always
be a bounded linear operator and frequently we shall drop the words
“bounded linear” for the sake of simplicity. The symbol L(X) stands
for the set of all bounded linear operators acting on X . As usual, by N,
R, C we denote the sets of positive integers, real numbers and complex
numbers respectively. In the following, the symbols D, D, ∂D denote
the open unit disk, closed unit disk and the unit circle on the complex
plane respectively.
The purpose of this note is to explore the “local” dynamics of cer-
tain operators on l∞(N), where l∞(N) denotes the Banach space of
bounded sequences of complex numbers endowed with the usual supre-
mum norm. We will frequently use the subspace c0(N) of l
∞(N), which
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consists of all the null sequences of complex numbers. Let us proceed
with the relevant definitions.
Definition 1.1. Let T : X → X be an operator. For every x ∈ X the
sets
JT (x) = {y ∈ X : there exist a strictly increasing sequence of positive
integers (kn) and a sequence (xn) ⊂ X such thatxn → x and
T knxn → y}
JmixT (x) = {y ∈ X : there exists a sequence (xn) ⊂ X such that
xn → x and T
nxn → y}
denote the extended (prolongational) limit set and the extended mixing
limit set of x under T respectively.
Definition 1.2. Let X be a Banach space and T : X → X be an
operator. Then T is called topologically transitive if for every pair of
open sets U, V ofX there exists a positive integer n such that T nU∩V 6=
∅. The operator T is called topologically mixing if for every pair of open
sets U, V of X there exists a positive integer k such that T nU ∩ V 6= ∅
for every n ≥ k.
Definition 1.3. Let X be a separable Banach space. An operator
T : X → X is called hypercyclic if there exists a vector x ∈ X so that
its orbit under T , Orb(T, x) := {x, Tx, T 2, . . .}, is dense in X . Then x
is called hypercyclic for T .
It is easy to see that if X is separable, then an operator T on X is hy-
percyclic if and only if T is topologically transitive. Clearly the notion
of hypercyclicity makes no sense when X is non-separable. However,
one can find topologically transitive operators on non-separable Banach
spaces, see for instance [4]. On the other hand not every non-separable
Banach space supports topologically transitive operators, as for exam-
ple l∞(N) [3]. For a comprehensive treatment on hypercyclicity we
refer to the recent books [2], [8].
We now move to “localized analogues” of hypercyclicity and topo-
logical transitivity, introduced in [6].
Definition 1.4. An operator T : X → X will be called J-class or lo-
cally topologically transitive (Jmix-class or locally topologically mixing)
provided there exists a non-zero vector x ∈ X so that the extended
limit set of x under T is the whole space, i.e. JT (x) = X (the extended
mixing limit set of x under T is the whole space, i.e. JmixT (x) = X). In
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this case x will be called a J-class vector(Jmix-class vector) for T and
the set of all y ∈ X with JT (y) = X (J
mix
T (y) = X) is denoted by AT
(AmixT ).
It is very easy to see that T ∈ L(X) is topologically transitive if and
only if JT (x) = X for every x ∈ X and that T is topologically mixing if
and only if JmixT (x) = X for every x ∈ X . This observation justifies the
term “local topological transitive”. For examples of operators which
are locally topologically transitive (locally topologically mixing) but
not topologically transitive (topologically mixing) as well as properties
of J-class operators we refer to [6], [5]. For recent additional work on
local topological transitivity see [1], [9].
By lp(N) 1 ≤ p < +∞ we denote the space of p-summable se-
quences of complex numbers which becomes a Banach space under the
usual p-norm. Recall that, given a sequence of positive and bounded
weights w = (wn), the operator Tw ∈ L(l
p(N), 1 ≤ p < +∞ de-
fined by Tw(x1, x2, . . .) = (w1x2, w2x3, . . .) is called a backward uni-
lateral weighted shift. A beautiful result of Salas [10] asserts that if
Tw : l
p(N)→ lp(N) is a backward unilateral weighted shift then I + Tw
is hypercyclic on lp(N), 1 ≤ p < +∞; actually it is even mixing [7].
Therefore, it is natural to seek a “localized analogue” of Salas result, if
it exists, in the setting of weighted shifts acting on l∞(N). Of course,
when we say “localized analogue” we mean that, one should replace the
term “hypercyclicity” by “local topological transitivity”, since l∞(N)
is non-separable. So, in view of the above, the following question arises
naturally.
Question. Let Tw : l
∞(N) → l∞(N) be a backward unilateral weighted
shift. Is it true that I + Tw is locally topologically transitive on l
∞(N)?
The purpose of the present note is to give a negative answer to this
question by proving the following
Theorem 1.5. Let B : l∞(N) → l∞(N) be the unweighted backward
unilateral shift, i.e.
B(x1, x2, . . .) := (x2, x3, . . .), for x = (x1, x2, . . .) ∈ l
∞(N).
(i) If |λ| ≤ 2 the set JI+λB(x) has empty interior for every x ∈ X
and, in particular, the operator I+λB is not locally topologically
transitive.
(ii) If |λ| > 2 then I+λB is locally topologically mixing and AmixI+λB =
c0(N).
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Part (i) of Theorem 1.5 gives a negative answer to the above ques-
tion. Actually, Theorem 1.5 provides a characterization of Jmix-class
operators of the form I + λB, λ ∈ C and in addition describes the set
AmixI+λB. Our paper is organized as follows. In section 2 we give the
proof of Theorem 1.5. In the final section, Section 3, we establish a
variant of Theorem 1.5 and we also exhibit some information on the
structure of the set AmixT for certain T ∈ L(l
∞(N)).
2. Proof of the main result
2.1. Preparatory lemmas. We start with a lemma which can be
found in [6, Corollary 3.4].
Lemma 2.1. Let T : X → X be an operator. Suppose there exists a
vector x ∈ X such that the set JT (x) has non-empty interior. Then for
every λ ∈ C with |λ| ≤ 1 the operator T − λI has dense range.
The next lemma also appears in [6] and gives information on the
spectrum of a J-class operator.
Lemma 2.2. Let X be a Banach space and T ∈ L(X). If T is J-class
then the spectrum of T , σ(T ), intersects the unit circle ∂D.
Lemma 2.3. Let T be an operator on a Banach space X. If 0 ∈
JmixT (x) for some x ∈ X then J
mix
T (x) = J
mix
T (0).
Proof. Assume that 0 ∈ JmixT (x). Then there exists a sequence (xn) ⊂
X such that xn → x and T
nxn → 0. Let us show first that J
mix
T (0) ⊂
JmixT (x). Indeed, take y ∈ J
mix
T (0). There exists a sequence (yn) ⊂
X such that yn → 0 and T
nyn → y. Hence T
n(xn + yn) → y and
xn + yn → x. Therefore y ∈ J
mix
T (x). For the converse inclusion let
y ∈ JmixT (x). There exists a sequence (vn) ⊂ X such that vn → x and
T nvn → y. Hence T
n(vn−xn)→ y, vn−xn → 0 and we conclude that
y ∈ JmixT (0). This completes the proof. 
Lemma 2.4. Let T be an operator on a Banach space X. If JmixT (0) =
X then JmixT (x) = X for every x ∈ KerT .
Proof. Observe that 0 ∈ JmixT (x) for every x ∈ KerT and we conclude
by Lemma 2.3. 
In the next elementary, but very useful in what follows, lemma we
calculate the primage of a vector y = (yn) ∈ C
N under I + λB, where
λ ∈ C \ {0}.
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Lemma 2.5. Let B : CN → CN be the unweighted backward unilateral
shift and let x = (xn), y = (yn) be vectors in C
N such that (I+λB)x = y
for some λ ∈ C \ {0}. Then,
xn =
−1
(−λ)n
n−1∑
k=1
(−λ)kyk +
x1
(−λ)n−1
for every n = 2, 3, . . ..
Proof. Notice that xn + λxn+1 = yn, for every n ∈ N. It is easy to
show that the kernel of I + λB consists of all vectors w = (wn) such
that wn =
w1
(−λ)n−1
, for every n ∈ N. Define the vector z = (zn) by
zn :=
−1
(−λ)n
∑n−1
k=1(−λ)
kyk for n = 2, 3, . . . and z1 := 0. Straightforward
calculations give (I + λB)z = y. Thus, (I + λB)(x − z) = 0 and
from the above description of the kernel of (I + λB) we conclude that
xn =
−1
(−λ)n
∑n−1
k=1(−λ)
kyk +
x1
(−λ)n−1
for every n = 2, 3, . . .. 
Lemma 2.6. Let λ ∈ C with |λ| = 1. Then the operator I + λB :
l∞(N)→ l∞(N) does not have dense range.
Proof. Consider the vector y = (yn) ∈ l
∞(N) with yn = (−λ)
−n, for
every n ∈ N. We will show that the open ball B(y, 1/2) centered at
y with radius 1
2
does not intersect the range of I + λB. Assume the
contrary, i.e. there is a vector w = (wn) ∈ B(y, 1/2) and a vector
x ∈ l∞(N) such that (I + λB)x = w. By Lemma 2.5 we deduce that
(2.1) xn =
−1
(−λ)n
n−1∑
k=1
(−λ)kwk +
x1
(−λ)n−1
,
for every n = 2, 3, . . .. Since w ∈ B(y, 1/2) we have wk = yk + εk for
some εk ∈ C with |εk| <
1
2
, for every k ∈ N. Substituting wk in (2.1)
we get
∣∣∣∣∣
n−1∑
k=1
(−λ)k(yk + εk)− λx1
∣∣∣∣∣ ≤ ‖x‖∞
for every n ∈ N, which in turn implies∣∣∣∣∣n− 1 +
n−1∑
k=1
(−λ)kεk
∣∣∣∣∣ ≤ ‖x‖∞ + |x1| ≤ 2 ‖x‖∞,
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since yk = (−λ)
−k. Now, the estimate |
∑n−1
k=1(−λ)
kεk| ≤
n−1
2
and the
triangle inequality yield
n− 1
2
= n− 1−
(n− 1)
2
≤
∣∣∣∣∣n− 1 +
n−1∑
k=1
(−λ)kεk
∣∣∣∣∣ ≤ 2 ‖x‖∞
for every n ∈ N, which is a contradiction. 
For the next two lemmas we need to introduce some terminology and
notation. Let X be a Banach space and let T : X → X be a bounded
linear operator. For a closed and T -invariant subspace M of X we
define the induced operator
T̂ : X/M → X/M by T̂ [x]M := [Tx]M .
Tˆ is well defined, linear and continuous in the induced quotient topol-
ogy. In addition we have ‖T̂‖ ≤ ‖T‖. In the following we will just
write [x] instead of [x]M .
Lemma 2.7. Let X be a Banach space and T ∈ L(X). Assume that
T is Jmix-class and let M be a closed and T -invariant subspace of X
such that M ⊂ AmixT and A
mix
T \M 6= ∅. Then the induced operator
T̂ : X/M → X/M is Jmix-class.
Proof. Let x ∈ AmixT \M . Then [x] 6= 0. Consider any [y] ∈ X/M .
There exists a sequence (xn) in X such that xn → x and T
nxn → y.
From the last we conclude that [xn]→ [x] and T̂
n[xn] = [T
nxn]→ [y].
This shows that T̂ is Jmix-class. 
Lemma 2.8. Let B be the backward shift on l∞(N) and consider the
induced operator Bˆ : l∞(N)/c0(N)→ l
∞(N)/c0(N). Then σ(Bˆ) = ∂D.
Proof. Choose any µ := eiθ ∈ ∂D, θ ∈ R. It is straightforward to check
that the vector [(xn)] ∈ l
∞(N)/c0(N) with xn = e
iθ(n−1) for n = 1, 2, . . .
is an eigenvector for Bˆ corresponding to µ. Hence, ∂D ⊂ σ(Bˆ). It
remains to show the converse inclusion. To this end, let µ ∈ C with
|µ| < 1. Then Bˆ−µI is injective. Indeed, if not, there exists x = (xn) /∈
c0(N) such that (Bˆ − µI)[x] = 0 and therefore (xn+1 − µxn) ∈ c0(N).
Set δ := lim supn |xn| and let (nk) be a strictly increasing sequence of
positive integers such that |xnk+1| → δ. Defining ǫn := xn+1 − µxn,
then |xnk+1| ≤ |µ||xnk|+ |ǫnk | and we deduce that
δ = lim
k→+∞
|xnk+1| ≤ |µ| lim sup
k
|xnk |.
Since |µ| < 1 and δ > 0, the above inequality gives a contradiction. It
is now easy to show that Bˆ − µI is surjective. Let [y] ∈ l∞(N)/c0(N)
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with y = (yn). Then we have (Bˆ − µI)[x] = [y], where x = (xn)
belongs to l∞(N) and it is defined by x1 = 0 and xn+1 :=
∑n−1
k=0 yn−kµ
k,
n = 1, 2, . . .. Therefore Bˆ − µI is invertible and since ‖Bˆ‖ ≤ ‖B‖ = 1
the conclusion follows. 
2.2. Proof of Theorem 1.5. If λ = 0 then, clearly, the J-sets of the
identity operator are singletons. So, from now on, we may assume that
λ 6= 0.
(i) Let 0 < |λ| ≤ 2. We can rewrite the previous inequality as ||λ|−1| ≤
1. Assume that J(x) has non-empty interior for some x ∈ X . Then, by
Lemma 2.1, the operator (I+λB)−(1−|λ|)I has dense range. Writing
(I + λB) − (1 − |λ|)I = |λ|(I + λ
|λ|
B) we conclude that the operator
I + λ
|λ|
B has dense range, which contradicts Lemma 2.6.
(ii) Let λ ∈ C with |λ| > 2. Fix a vector y = (yn) ∈ l
∞(N) and let
x = (xn) ∈ C
N be such that (I + λB)x = y. Then, by Lemma 2.5,
xn =
−1
(−λ)n
n−1∑
k=1
(−λ)kyk +
x1
(−λ)n−1
,
for every n = 2, 3, . . .. If we take x1 = 0 then it readily follows that
|xn| ≤
‖y‖∞
|λ|−1
for every n = 2, 3, . . .. Therefore, defining w(1) = (w
(1)
n ) ∈
CN by
w
(1)
1 := 0, w
(1)
n :=
−1
(−λ)n
n−1∑
k=1
(−λ)kyk +
x1
(−λ)n−1
n = 2, 3, . . .
we have ‖w(1)‖∞ ≤
‖y‖∞
|λ|−1
, hence w(1) ∈ l∞(N), and (I+λB)w(1) = y. If
we repeat the same argument for w(1) in place of y we find a vec-
tor w(2) ∈ l∞(N) such that (I + λB)w(2) = w(1) and ‖w(2)‖∞ ≤
‖w(1)‖∞
|λ|−1
≤ ‖y‖∞
(|λ|−1)2
. Proceeding inductively, for every positive integer
n we find a vector w(n) ∈ l∞(N) such that (I + λB)nw(n) = y and
‖w(n)‖∞ ≤
‖y‖∞
(|λ|−1)n
. Since |λ| > 2, w(n) → 0. Thus, JmixI+λB(0) = l
∞(N).
Noticing that the kernel of I + λB in l∞(N) is non-trivial and taking
any non-zero vector w in this kernel, it follows that JmixI+λB(w) = l
∞(N)
by Lemma 2.4. Thus, I+λB is locally topologically mixing. It remains
to show that AmixI+λB = c0(N). Take any x ∈ c0(N). The restricted op-
erator (I + λB)|c0(N) : c0(N) → c0(N) is topologically mixing, see [7].
This, implies that c0(N) ⊂ J
mix
I+λB(x). In particular, 0 ∈ J
mix
I+λB(x) and
by Lemma 2.3 we get JmixI+λB(x) = J
mix
I+λB(0). Since J
mix
I+λB(0) = l
∞(N)
we conclude that c0(N) ⊂ A
mix
I+λB. To show the converse inclusion we
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argue by contradiction, so assume that AmixI+λB \ c0(N) 6= ∅. Now,
Lemma 2.7 implies that ̂I + λB is Jmix-class and in view of Lemma
2.2 the spectrum of ̂I + λB should intersect the unit circle ∂D. How-
ever, by Lemma 2.8 and the spectral mapping theorem it follows that
σ(̂I + λB) = {1 + λeiθ : θ ∈ R}. Hence, σ(̂I + λB) does not intersect
the unit circle since |λ| > 2, which is a contradiction. This finishes the
proof of the theorem. 
3. Further results
3.1. A variation of Theorem 1.5. The proof of the next lemma is
similar to the proof of item (i) of Proposition 5.9 in [6] and it is left to
the interested reader.
Lemma 3.1. Let T : X → X be an operator acting on a Banach space
X. Then JmixT (0) = J
mix
Tn (0) for every positive integer n.
For r > 0 the symbol D(0, r) stands for the open disk in the complex
plane with center 0 and radius r.
Theorem 3.2. Let f be a holomorphic function on D(0, r) for r > 1
such that
D ⊆ f(D).
Then there exists a positive number R0 such that for all R > R0 the
operator Rf(B) : l∞(N)→ l∞(N) is Jmix-class.
Proof. Since f is holomorphic in D(0, r) with r > 1, f has a finite
number of zeros on D, say zk, k = 1, . . . , n for some n ∈ N. The
assumption D ⊆ f(D) implies that ∅ = D ∩ ∂f(D) = D ∩ f(∂D) from
which it follows that |zk| < 1 for every k = 1, . . . , n. Then there exists
a holomorphic function g on D(0, r′) for some r′ ∈ (1, r] such that
f(z) = g(z)(z − z1) · . . . · (z − zn) and g(z) 6= 0 for all z ∈ D(0, r
′). It
follows that g(D) ⊆ C\D(0, δ) for some δ > 0 and hence we can choose
an R1 > 1 such that R1g(D) ⊂ C\D and R1
∏n
k=1 ||zk| − 1| > 1. Define
now
h(z) := R21f(z) = h˜(z) · p(z),
where p(z) := R1(z − z1) · . . . · (z − zn) and h˜(z) = R1g(z).
Claim. Let y ∈ l∞(N). There exists x ∈ l∞(N) such that:
p(B)x = y and ‖x‖ ≤
1
R1
∏n
k=1 ||zk| − 1|
‖y‖.
Proof of Claim. We have p(B) = R1(B − z1I) · · · (B − znI). Suppose
that zj 6= 0 for every j = 1, . . . , n. Now we can write B − znI =
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−zn(
1
(−zn)
B+ I) and then applying Lemma 2.5 and following the proof
of item (ii) in Theorem 1.5 we get(
1
(−zn)
B + I
)
x(n) =
1
R1(−zn)
y and ‖x(n)‖ ≤
‖y‖
R1|zn|
(
1
|zn|
− 1
)
for some x(n) ∈ l∞(N), or equivalently
R1(B − znI)x
(n) = y and ‖x(n)‖ ≤
‖y‖
R1(1− |zn|)
.
Arguing as before, there exists x(j−1) ∈ l∞(N) such that
(B − zj−1I)x
(j−1) = x(j) and ‖x(j−1)‖ ≤
‖x(j)‖
1− |zj−1|
,
for every j = n, n− 1, . . . , 2. Setting x := x(1), we conclude that
p(B)x = y and ‖x‖ ≤
1
R1
∏n
k=1 ||zk| − 1|
‖y‖.
Of course if zj = 0 for some j ∈ {1, . . . , n} a similar argument can be
applied without any difficulty. This completes the proof of the claim.
By the spectral theorem we get
σ(h˜(B)) = h˜(σ(B)) = R1g(σ(B)) = R1g(D) ⊂ C\D.
It follows that the inverse operator h˜(B)−1 exists and σ(h˜(B)−1) ⊂ D.
Therefore, for a given 0 < a < 1 there exists n0 ∈ N such that∥∥∥h˜(B)−n0∥∥∥ ≤ a.
Consider now any y ∈ l∞. The equation h˜(B)n0w(1) = y has a unique
solution w(1) ∈ l∞(N) and∥∥w(1)∥∥ = ∥∥∥h˜(B)−n0y∥∥∥ ≤ a ‖y‖ .
Define
b :=
1
(R1
∏n
k=1 ||zk| − 1|)
n0 < 1.
Applying the Claim n0 times, there exists a vector v
(1) ∈ l∞(N) such
that
∥∥v(1)∥∥ ≤ b∥∥w(1)∥∥ and p(B)n0v(1) = w(1). Altogether we get
h(B)n0v(1) = y with
∥∥v(1)∥∥ ≤ b∥∥w(1)∥∥ ≤ ab ‖y‖ .
The equation h˜(B)n0w(2) = v(1) has a unique solution w(2) ∈ l∞(N) and∥∥w(2)∥∥ = ∥∥∥h˜(B)−n0v(1)∥∥∥ ≤ a ∥∥v(1)∥∥ .
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Again by the Claim there exists v(2) ∈ l∞(N) such that
∥∥v(2)∥∥ ≤
b
∥∥w(2)∥∥ and p(B)n0v(2) = w(2). From the above we have
h(B)2n0v(2) = y and
∥∥v(2)∥∥ ≤ b∥∥w(2)∥∥ ≤ (ab)2 ‖y‖ .
Proceeding inductively, we construct a sequence (v(m)) in l∞(N) such
that
h(B)mn0v(m) = y and
∥∥v(m)∥∥ ≤ (ab)m ‖y‖
for every positive integer m. Since ab < 1, v(m) → 0 and we conclude
that Jmixh(B)n0 (0) = l
∞(N). Now, in view of Lemma 3.1, Jmixh(B)(0) =
l∞(N). Observe that p(B) has non-trivial kernel, which in turn implies
that h(B) has non-trivial kernel. Hence, for every non-zero vector
x ∈ Ker(h(B)), Jmixh(B)(x) = l
∞(N). Clearly, for every R ≥ R0, where
R0 := R
2
1, the operator Rf(B) is locally topologically mixing in l
∞(N).
This completes the proof of the theorem. 
Corollary 3.3. Let f be a holomorphic function on D(0, r) for some
r > 1 such that 0 belongs to the interior of f(D). Then there exists
R0 > 0 such that Rf(B) : l
∞(N) → l∞(N) is Jmix-class for every
R > R0.
3.2. Properties of the set AmixT . Our last result in this section con-
cerns the structure of the set AmixT of a J
mix-class operator on l∞(N).
Observe that if T is Jmix-class on a Banach space X then AmixT is a
closed subspace. So far, in all examples of Jmix-class operators T on
l∞(N), the closed subspace AmixT is separable. For instance, if λ ∈ C
with |λ| > 1 then λB : l∞(N)→ l∞(N) is Jmix-class and AmixλB = c0(N),
see [6]. A similar result holds for the operator I+λB : l∞(N)→ l∞(N)
whenever |λ| > 2, as Theorem 1.5 shows. In the following proposition
we exhibit an operator T on l∞(N) such that AmixT is non-separable.
Proposition 3.4. There exists a Jmix-class operator T on l∞(N) such
that AmixT is non-separable.
Proof. Fix an isomorphism S : l∞(N) → l∞(N) ⊕ l∞(N) and consider
the projection P : l∞(N) ⊕ l∞(N) → l∞(N) defined by P (x⊕ y) := x.
Now choose |λ| > ‖S−1‖ and define the operator T : l∞(N) → l∞(N)
by T := λB ◦ P ◦ S. Then T is Jmix-class with M := S−1({0} ⊕
l∞(N)) ⊂ AmixT . To see this take any y = (yn) ∈ l
∞(N). Define
x(1) := (0, λ−1y1, λ
−1y2, . . .). Then λBx
(1) = y and
∥∥x(1)∥∥ = 1
|λ|
‖y‖.
Note that P (x(1) ⊕ 0) = x(1) with
∥∥x(1) ⊕ 0∥∥ = ∥∥x(1)∥∥. Choose now
z(1) ∈ l∞(N) with Sz(1) = x(1) ⊕ 0. Then Tz(1) = y and∥∥z(1)∥∥ ≤ ∥∥S−1∥∥ ∥∥x(1) ⊕ 0∥∥ = ∥∥S−1∥∥ · ∥∥x(1)∥∥ = ‖S−1‖
|λ|
‖y‖ = q ‖y‖ ,
SHIFT PERTURBATIONS OF THE IDENTITY 11
where q := ‖S−1‖ |λ|−1 < 1. Proceeding in this way, we find z(2) ∈
l∞(N) with Tz(2) = z(1) and
∥∥z(2)∥∥ ≤ q ∥∥z(1)∥∥ ≤ q2 ‖y‖. Inductively,
we get a sequence (z(n)) in l∞(N) such that T nz(n) = y and z(n) → 0.
Since y is arbitrary we conclude that JmixT (0) = l
∞(N). It is easy to see
that M := S−1({0} ⊕ l∞(N)) is non separable and M ⊂ KerT , where
KerT is the kernel of T . Since JmixT (0) = l
∞(N) we haveKerT ⊂ AmixT ,
and the conclusion follows. 
As we observed above for any T ∈ L(X) the set AmixT is a closed
subspace. However for the set AT the situation is less clear and so we
ask the following
Question. Does there exist a J-class operator T acting on some Ba-
nach space X such that AT is not a vector space?
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